p-ADIC LIMIT OF THE FOURIER COEFFICIENTS OF WEAKLY 
HOLOMORPHIC MODULAR FORMS OF HALF INTEGRAL WEIGHT 
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Abstract. Serre obtained the p-adic limit of the integral Fourier coefficients of modular 
forms on SLi^TL) for p = 2, 3, 5, 7. In this paper, we extend the result of Serre to weakly 
holomorphic modular forms of half integral weight on ro(4JV) for N = 1, 2, 4. The proof 
is based on linear relations among Fourier coefficients of modular forms of half integral 
weight. As applications of our main result, we obtain congruences on various modular 
objects, such as those for Borcherds exponents, for Fourier coefficients of quotients of 
Eisentein series and for Fourier coefficients of Siegel modular forms on the Maass Space. 

May 26, 2008 

1. Introduction and Statement of Main Results 

Serre obtained the p-adic limits of the integral Fourier coefficients of modular forms on 
SL 2 {'L) for p = 2, 3, 5, 7 (see Theoreme 7 and Lemma 8 in J2D])- In this paper, we extend 
the result of Serre to weakly holomorphic modular forms of half integral weight on r (4iV) 
for N = 1,2,4. The proof is based on linear relations among Fourier coefficients of modular 
forms of half integral weight. As applications of our main result, we obtain congruences 
for various modular objects, such as those for Borcherds exponents, for Fourier coefficients 
of quotients of Eisentein series and for Fourier coefficients of Siegel modular forms on the 
Maass Space. 

For odd d, let 

((5 i)>:=7tr (4iV) tTt - 1 , 

where jt — d) ^ ^(1) anc ^ 7*W = 00 • We denote the g-expansion of a modular form 
/ e M A+ i(r (4iV)) at each cusp t of r (4iV) by 

(1-1) (/ Ia+i lt)(z) = (cz + d)-^f fe^) = ft® E 4 W> * ■= A 

n=b t 



where 

(1.2) r(t) E { 0, 



1 1 3 

4' 2' 4 
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When t ~ oo, we denote a^(n) by a/(n). Note that the number r(t) is independent of the 
choice of / € M A+ i (r (4iV)) and A. We call t a regular cusp if r(t) = (see Chapter IV. 
§1. of [15] for a more general definition of a A- regular cusp ). 

Remark 1.1. Our definition of a regular cusp is different from the usual one. 

Let U4N '■= {ti, ■ • ■ , t v (4N)} be the set of all inequivalent regular cusps of r (4iV). Note 
that the genus of r (4iV) is zero if and only if 1 < N < 4. Let M x+ i (r (4iV)) be the space 
of weakly holomorphic modular forms of weight A + \ on To(4iV) and let A4° ,i(^o(N)) 
denote the set of f(z) G A4 x+ i (T (N)) such that the constant term of its g-expansion at 
each cusp is zero. Let U p be the operator defined by 

00 

(f\U p )(z) := J2*f(pn)q n . 

71=71(3 

Let Ol be the ring of integers of a number field L with a prime ideal p C Ol- For 
f( z ) := J2 a f( n )l n an d d( z ) := J2 a g( n ) ( l n e Lllq^ 1 , q]] we write 

f(z) = g(z) (mod p) 

if and only if a/(n) — a g (n) G p for every integer n. 
With these notations we state the following theorem. 

Theorem 1. For N = 1,2,4 consider 

00 

f(z) := ^a / Hg"G^ + ,(r (4iV))nL[[g- 1 ,g]]. 

n=no 

Suppose that p C Ol aw?/ prime ideal such thatp\p, p prime, and that a/(n) is p-integral 
for every integer n > n$. 

(1) If p = 2 and a/(0) = ; t/ien i/iere exists a positive integer b such that 

(f\(U p ) b )(z) = (mod p j ) for each j G N. 

(2) Ifp > 3 and f(z) G M° x+l (T (AN)) with A = 2 or 2+ (mod 2=1), £/jen t/jere 
exists a positive integer b such that 

(f\(U p ) b )(z) = (mod p j ) for each j G N. 

Remark 1.2. The p-adic limit of a sum of Fourier coefficients of / G M3(r (4iV)) was 
studied in [T3] . 

Our method only allows to prove a weaker result if f(z) G" M. i(r (4./V)). 
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Theorem 2. For N = 1,2 or 4, let 

oo 

f(z) := e ^A + i(r (4iV)) n L[[q-\ q)). 

n=no 

Suppose that p C zs any prime ideal with p\p, p prime, p > 5, and that a/(n) is 
p-integral for every integer n > n . If A = 2 or 2 + [—1 (mod ^i-), i/ien i/iere errists a 
positive integer 6 snc/i i/iai 

af (p^-OnA)) = _ £ M'w.WO) (mod p) 

teU 4 jv fl 4 jv(^) e ^ (4iV) 

/or ever?/ positive integer b > bo (see Section 3 for detailed notation ). 

Example 1.3. Recall that the generating function of the overpartition P{n) of n(see |llj ) 



^ ri(z 

n=0 IK 



,2 



is in At_i (r (16)), where r](z) := q™ n^°=i(l — 1 n )- Therefore, theorem [2] implies that 

P(5 2fe ) = l (mod5),V6eN. 

2. Applications: More Congruences 

In this section, we study congruences for various modular objects such as those for 
Borcherds exponents and for quotients of Eisenstein series. 

2.1. p-adic Limits of Borcherds Exponents. Let M. u denote the set of meromorphic 
modular forms of integral weight on ST^Z) with Heegner divisor, integer coefficients and 
leading coefficient 1. Let 

oo 

A^|(r (4)) := {f(z) = V a f (n)q n E Mi(r (4)) | a(n) = for n = 2,3 (mod 4)}. 

n=m 

If /0) = E"=„ a f (n)q n G M+(T (A)), then define *(/(*)) by 

2 

OO 

*(/(*)) :=9- fc II( 1 -9 B ) B/(Ba) ' 

n=l 

where ft, = — ^a/(0) + 2^i< n soi ( m od4) «/(-n)i/(-n). Here H(—n) denotes the usual 
Hurwitz class number of discriminant —n. The following was proved by Borcherds. 

Theorem 2.1 Q4J). The map ^ is an isomorphism from A^t(r (4)) to A4h, ond the 

2 

weight of^f(f(z)) is a/(0). 
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Let j(z) be the usual j-invariant function with the product expansion 

oo 

i(z)=r i n(i-9 B ) A(B) - 

n=l 

Let F(z) := <Z - ' 1 n^°=i(l — q n ) c ^ be a meromorphic modular form of weight k in Ain- 
The p-adic limit of J2d\n d ' c (^) was studied in [5] for p = 2, 3, 5, 7. Here we obtain the 
p-adic limit of c(d) for p = 2, 3, 5, 7. 

Theorem 3. Let F(z) := q~ h ]^[^ =1 (1 — q n ) c ^ be a meromorphic modular form of weight 
k in M.h- 

(1) If p = 2, then for each j G N i/iere exists a positive integer b such that 

c(mp b ) = 2k (mod pP) 

for every positive integer m. 

(2) If p G {3, 5, 7}, then, for each j G N there exists a positive integer b such that 

5c(mp b ) — zu(F)A(mp b ) = 10k (mod p 7 ) 

/or every positive integer m. Here, zu{F) is a constant determined by the constant 
term of the q-expansion o/^^-F) at 0. 

2.2. Sums of n-Squares. For u G Z>o, let 

r n {u) := |t{(si, • • • , s n ) G Z n : s\ + ■ ■ ■ + s 2 n = u}. 

Theorem 4. Suppose that p > 5 is a prime. If A = 2 or 3 (mod then there exists 

a positive integer Co such that 

/_i \ [^]+ a (p ;A ) m (p :A ) 
r 2A+ i (p 26 - m ( p:A )) = - (14 - 4a (p : A)) + 16 f-j (mod p), 

/or every 6 > C . 

Remark 2.2. As for an example, if A = 2 (mod p — 1) and p is an odd prime, then there 
exists a positive integer Co such that 

r 2A+1 (p 26 ) = 10 (modp),V6> C 

2.3. Quotients of Eisenstein Series. Congruences for the coefficients of quotients of 
elliptic Eisenstein series have been studied in [3]. Let us consider the Cohen Eisenstein 
series H r+ i (z) := J2n=o -^X r ' N)q n of weight r + |, r > 2 (see [7]). We derive congruences 
for the coefficients of quotients of H r+ i(z) and Eisenstein series. 
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Theorem 5. Let 



F(z) 




n=0 



G(z) 




?1=0 



and 



W{z) 




n=0 



Then there exists a positive integer Cq such that 



a F (ll 2b+1 ) = 1 (mod 11), 
a G (ll 26+1 ) = 6 (mod 11), 
a w (ll 2b+1 ) = 2 (mod 11) 



for every integer b > Co- 

2.4. The Maass Space. Next we deal with congruences for the Fourier coefficients of 
a Siegel modular form in the Maass space. To define the Maass space, let us introduce 
notations given in [TTj: let T e M2 9 (Q) be a rational, half- integral, symmetric, non- 
degenerate matrix of size 2g with discriminant 



Let = DTfifxi where Dt,o is the corresponding fundamental discriminant. Further- 
more, let 





2 





-1 

















\ 







2 





-1 


















-1 





2 


-1 





















-1 


-1 


2 


-1 
























-1 


2 


-1 
























-1 


2 


-1 
























-1 


2 


-1 
























-1 


2 


/ 



and G7 be the upper (7, 7)-submatrix of G%. Define 



D T := (-l) 9 det(2T). 
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For each m G PJ such that (— l) 9 m = 0, 1 (mod 4), define a rational, half-integral, sym- 
metric, positive definite matrix T m of size 2g by 



T -- 

- 1 m ■ 



2^9 

m/4 



if m = (mod 4), 




fe^ [ m + 2 + (-l)»]/4 
Here e 2g -i G Z^ 2 ™ -1 ' 1 ) is the standard column vector and e' 2 x is its transpose. 

Definition 2.3. (The Maass Space) Take g, k G N such that g = 0, 1 (mod 4) and 



g = k (mod 2). Let 

oMaass /-p \ 



F(Z) = ^A(T)g^G W^) 

T>0 



A(T) = ^a fc -V(a;T)A(2| DT | /a2 , 



(see (I6.2p for details). This space is called the Maass space of genus 2g and weight g + k. 

In [T7] it was proved that the Maass space is the same as the image of the Ikeda lifting 
when g = 0, 1 (mod 4). Using this fact together with Theorem [H we derive the following 
congruences for the Fourier coefficients of F(Z) in S , ^ ass (r 2s ). 

Theorem 6. For g = 0, 1 (mod 4), let 

F{Z) := J2MT)q tr{TZ) G S^ g ass (T 2g ) 

T>0 

with integral coefficients A(T), T > 0. If k = 2 or 3 (mod ^-) /or some prime p, then, 
for each j G N, t/iere exists a positive integer b for which 

A(T) = (mod p 3 ') 

/or every T > 0, det(2T) = (mod p b ). 

This paper is organized as follows. Section 3 gives a linear relation among Fourier 
coefficients of modular forms of half integral weight. The remaining sections contain 
detailed proofs of the main theorems. 

3. Linear Relation among Fourier Coefficients of modular forms of Half 

Integral Weight 

Let V(N;k,n) be the subspace of C n generated by the first n coefficients of the q- 
expansion of / at oo for / G Sk(T (N)), where Sk{T (N)) denotes the space of cusp forms 
of weight k G Z on T (N). Let L(N; k,n) be the orthogonal complement of V(N; k,n) 
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in C n with the usual inner product of C n . The vector space L(l;k,d(k) + 1), d(k) = 
dim(5fc(r(l))), was studied by Siegel to evaluate the value of the Dedekind zeta function 
at a certain point. The vector space L(l;k, n) is explicitly described in terms of the 
principal part of negative weight modular forms in [9]. These results were extended in [8] 
to the groups T (N) of genus zero. For 1 < N < 4, let 

EV (^N,X + ^;n 

:= {(a*/(0),--- ,aY 4N \0),a f (l),--- , a,(n)) e C n+ ^ | / G M A+| (r (4iV)) 

where := • • • , t^Tv)} is the set of all inequivalent regular cusps of r (4iV). We 
define EL(4N, A + §; n) to be the orthogonal complement of EV(AN, A + ±; n) in C n+y(4iV) . 

Let A 4A r jA := q s ^ N ) +0(q 5x{4N)+1 ) be in M A+ i (r (4iV) with the maximum order at oo, 
that is, its order at oo is bigger than that of any other modular form of the same level 
and weight. Furthermore, let 



r?(2z) 4 ' ov y ' T](Az] 



i ' 



r](6z) 6 r/(4^) 4 DV ' ' 77(82 

For £, neN, define 



m(£ : n) := 

and 



if [g.] = (mod 2) 

1 if = 1 (mod 2) 



In 



I - 1 

a(£ : n) := n — 

Let u(AN) be the order of zero of R iN (z) at 00. Note that R AN (z) G M 2 (r (4iV)) has 
its only zero at 00. So, using the definition of n{z) = n^°=i(l — ? n )> we fi n d that 

(3.1) w(4) = 1, w(8) = 2, w(12) = 4, w(16) = 4. 
For each G M r+ i (r (4iV)) and e G N, let 

e^(4iV) 

(3.2) #7^= E WM^)r + 0(l)atoo. 
With these notations we state the following theorem: 



Theorem 3.1. Suppose that X > is an integer and 1 < N < A. For each e G N 
such that e > I - 1, ta£;e r = 2e - A + 1. The linear map $ rje (4iV) : M r+1 (T (AN)) -> 



2 
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EL(4:N, X + |; e • u(AN)), defined by 
% e {4N){g) 

ht.a 11 ^ (0), ■ ■ • , h tMm a" ( Z] (0), b(W, e, 1), - • • , b{W, e,g;e- u(4N)) 
is an isomorphism. 

Proof of Theorem \3.1\ Suppose that G(z) is a meromorphic modular form of weight 2 on 
r (4iV). For r G HUC 4 Ar, let D T be the image of r under the canonical map from HUC 4 jv 
to a compact Riemann surface Xo(4iV). Here EI is the usual complex upper half plane, 
and C^n denotes the set of all inequivalent cusps of r (4iV). The residue Res D T Gdz of 
G(z) at D T G X (4iV) is well-defined since we have a canonical correspondence between a 
meromorphic modular form of weight 2 on T (AN) and a meromorphic 1-form of X (4N). 
If Res T G denotes the residue of G at r on H, then 

Res o T Gdz = —Res T G. 

Here l T is the order of the isotropy group at r. The residue of G at each cusp t G C4N is 

(3.3) Res Dt Gdz = h t ■ -jp-A 

Now we give a proof of Theorem 13.11 



To prove Theorem 13. 1[ take 



G(z) = J {Z f \ f(z) 
1 ; Rw(z) eJK ' 



where g G M r+ i (r (4iV)) and /(z) = Er=i a /( n )<? n G M A+ i(r (4iV)). Note that G{z) is 
holomorphic on H. Since (7(2), Ran{z) an d /(z) are holomorphic and Ran(z) has no zero 
on H, it is enough to compute the residues of G(^) only at all inequivalent cusps to apply 
the Residue Theorem. The g-expansion of R ^ z y f( z ) at 00 is 



e-to(4N) 



Since R^{z) has no zero at t 00 00, we have 



:/(*) 



Ran{z 

Further note that, for an irregular cusp t, 



lt = a t _ gW (0)a/(0) + Q(q t ) 

2 Ran( z ) £ 



a* gW (0)a/(0) = 0. 

fl 4 jv( z ) e 



THE p-ADIC LIMIT OF WEAKLY HOLOMORPHIC MODULAR FORMS 

So the Residue Theorem and (13 . 3H imply that 



e-u(4N) 



(3.4) 



E htQt ,„% N) (°) a /( Q ) + E b(4N,e,g;v)a f (v) = 0. 



t€U 4N 4N 



This shows that $ r e (4A^) is well-defined. The linearity of the map $ rje (4iV) is clear. 

It remains to check that <3> rie (4iV) is an isomorphism. Since there exists no holomorphic 
modular form of negative weight except the zero function, we obtain the injectivity of 



A-l 



$ r>e (AN). Note that for e > . 
dim c ^EL (aN; A + ^, e ■ w (4iV))) = e ■ w(4W) + u(AN) - dim c (m a+ i (r Q (4iV))) . 

However, the set C 4A r, 1 < N < 4, of all inequivalent cusps of r (4iV) are 

C 4 = {oo,0,|}, 
C 8 = {oo,0,±,±}, 

C 12 = {O0,0, ~, |, |, |} , 

Cie = {°° ; 0, |, |, |, |) 

and it can be checked that 

(3.5) i/(4) = 2, i/(8) = 3, i/(12) = 4, i/(16) = 6 

(see §1 of Chapter 4. in [15] for details). The dimension formula of M x+ i(T (AN)) (see 
Table 1) together with the results in (13 .ip and (13.51) . implies that 



dim c (EL (an, A + i; e • w(JV)J J = dim c (M r+ i (r 



(47V))) 



since r = 2e — A + 1. 



Table 1. Dimension Formula for M k (T (AN)) 



N 


jfe = 2^ + | 


fc = 2n + | 


k = 2n 


N = 1 


n + 1 


n+ 1 


n+1 


N = 2 


2n + 1 


2n + 2 


2n + l 


N = 3 


4n + 1 


4ra + 3 


An + 1 


iV = 4 


4n + 2 


4n + 4 


4n + 1 



So $ rje (4iV) is surjective since the map $ rje (4iV) is injective. This completes our claim. 

□ 
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4. Proofs of Theorem Q] and [2] 

4.1. Proof of Theorem First, we obtain linear relations among Fourier coefficients 
of modular forms of half integral weight modulo p. Let 

O p := {a G L \ a is p-integral}. 

Let 

oo 

M A+ip (r (4iV)) := {H(z) = Y,a H {n)q n G O p / P O p [[q-\q}} | 

n=0 

H = h (mod p) for some h G q]} fl M A+i (r (4iV))}. 

and 

oo 

S A+ip (r (4iV)) := ^a,^ G (VpO p [[<r\ ?]] I 

n=0 

H = h (mod p) for some h G n S A+ i (r (4iV))}. 

The following lemma gives the dimension of M A+ i p (r (4iV)). 

Lemma 4.1. Take AgN, l<iV<4 and a prime p such that 

p>3 if N = 1,2,4, 
p > 5 if N = 3. 

iVow; ta£;e any prime ideal p C Ol, p|p. Then 

dimM A+ip (r (4iV)) = dimM A+ ,(r (4iV)) 

and 

dim5 A+ip (r (4iV)) = dim5 A+ i (r (4iV)). 

Proof. Let 

j4iv(2) =g~ 1 + 0(g) 

be a meromorphic modular function with a pole only at oo. Explicitly, these functions 
are 

j 4 ( z )=J±J- + 8, j 8 (z) 1 



rj(4z)* ' JOV y r/(2^) 4 ^(8z) 8 ' 

. _ r/(42:) 4 r/(6z) 2 . r/ 2 (^)r/(8^) 

Jl2l2:j r/^) 2 ^) 4 ' Jl61 ^ 7/(2^)^(16^) + 

Since the Fourier coefficients of rj(z) and are integral, the g-expansion of has 
integral coefficients. 

Recall that = q s ^ AN ^ + O^ 5 -^ 4 ^" 1 " 1 ) is the modular form of weight A + | on 

r (4iV) such that the order of its zero at oo is higher than that of any other modular form 
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of the same level and weight. Denote the order of zero of A^a at oo by 5\(4N). Then 
the basis of M x+ i (r (4iV)) can be chosen as 

(4.1) {A m , x (z)j m (z) e | < e < 5 A (4iV)} . 

If A 4 jv iA (,2) is p-integral, then {A 4 Ar iA (z)j 4A r(z) e | < e < 5\(4N)} also forms a basis of 
M A+ i iP (r (4AO). Note that 8 X {4N) = dimM A+ i (T (4iV)) - 1. So from Table 1 we have 

(4.2) A iN , x (z) = A mj (z)R 4N (z)^ 1 , 

where A = j (mod 2),j G {0, 1}. More precisely, one can choose A iN j(z) as followings: 

A 4fi (z) = 9(z), A Ail (z) = 9(zf, 

A 8 , (z) = 0(z), A SA (z) = \ {6{zf - 6{z)6{2zY) , 

A 12j0 (z) = B(z), A 12il (z) = \ (E x , y>z ezQ 3x2+2{y2+z2+yz) - Z x , y ^ 3x2+4y2+4z2+4yz ) , 
A 16> o(*) = \ (0(z) - 0(4z)) , A 16il (z) = | (6(zf - 36(z) 2 6(4z) + W(z)6(Azf - 6(Azf) . 

Since 9(z) = 1 + 2 Y^Li the coefficients of the g-expansion of A iN j(z), j G {0, 1}, are 
p-integral. This completes the proof. □ 

Remark 4.2. The proof of Lemma 14.11 implies that the spaces of M x+ i (r (4iV)) for 
N = 1, 2, 4 are generated by eta-quotients since 6{z) = ^0^{^yz- 

For 1 < N < 4 set 

V s Un, X + l n y.= { (o,(l), • ■ ■ , a f (n)) G F™ | / G 5 A+| (r (4iV))} , F p := O p /pO p . 

We define L S (4N, A + ~; n) to be the orthogonal complement of Vs(4N, X + ~; n) in F™. 
Using Lemma I4.1[ we obtain the following proposition. 

Proposition 4.3. Suppose that X is a positive integer and 1 < N < 4. For each e G N, 
e > | - 1, ta£;e r = 2e - A + 1. The linear map S^(4iV) : M r+ i p (T (AN)) -> Z^(4N, A + 
|; e • w(4iV)) ; defined by 



W,e(4A0G?) = (&(4iV, e, <?; 1), • ■ ■ , o(iV, e, e • u(4N))) 
zs an isomorphism. Here b(4N,e,g; v) is defined in 

Proof. Note that dim 5a (4iV) = and that 

~N~ 

_T_ 

(see [lO])- So, from Lemma I4~T1 and Table 1, it is enough to show that i[) rte (4N) is injective. 
If g is in the kernel of -?/v,e(4iV), then R ®^ z y • Rw(z) e = (mod p) by Sturm's formula 
(see [21]). So we have g(z) = (mod p) since R^n^zY ^ (mod p). This completes the 
proof. □ 



dim5 A+ i(4A^) + A^ + l + 



dimM A+ i(4iV) 
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Theorem 4.4. Take a prime p, N = 1, 2, 4 and 

oo 

f(z) := a /W<? n G S A+| (r (4iV)) n L[[q}}. 

n=no 

Suppose that p C C?l any prime ideal with p\p and that aj(n) is p-integral for every 
integer n > n . If A = 2 or 2 + [—1 (mod ^-) or p = 2, then there exists a positive 
integer b such that 

a f (np b )=0 (mod p), Vn e N. 



Proof of Theorem \4-4\ i) First, suppose that p > 3: Take positive integers I and b such 
that 

(4.3) 3 - 2a(p : X) p2b + ( A + ^ + *(p - 1) = 2. 

Note that if b is large enough, that is, b > log p ^ 3 _ 2 ^ p . A - ) (A + |) p m ( p:A ) — 2 j , then there 
exists a positive integer £ satisfying (14. 3p . Also note that aj(0) = for every cusp t of 
r (4iV) since f(z) is a cusp form. So, if r = 2e — a(p : A) + 1, then Theorem 13. II implies 
that, for g(z) e M r+ i (r (4iV)), 

e-o;(4JV) 

£ 6(4iV,e,^z/)a / (^ 26 - m ^)^0 (mod p), 



since 



Ran{ z 



9{z) \ f^y-^Et ( z ) 



e-u(4JV) 

V 6(4iV, e, a; z^""* 26 + (0) + V (n)q np2 



u=l n=l 

oo 



y^a/(rj,)g" pm(P ' A) (modp). 



v n=0 



So Proposition 14.31 implies that 



(a (p2b-m(p:A)) ? Q ^ p 26- m (p:A)) ) . . . ) a ( e . Cj(4Ar)p 26 - m & J:A ))) 

GKs(4iV,«(p: A) + i;n). 



If a(p : A) = 2 or 2 + [i] , then 



dim5 Q(p:A)+ i (r (4AT) ) - dim Vg ( 4AT, a(p : A) + J;n ] = 0. 
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R4N(z) 



ii) p = 2: Note that ^p N ')^ Z \ = q 1 + 0(1) for iV = 1, 2, 4. So, there exists a polynomial 



E Z[X] such that 



^W)%^ = g-" + 0(i). 
Ran{z) 



For an integer 6, 2 2 > A + 2, let 

G{z) := ( F (^W)^^) 2 /(*)*(*) 

Since 6*(z) = 1 (mod 2), Theorem 13.11 implies that a/(2 b • n) = (mod p). □ 

To apply Theorem 14.41 we need the following two propositions. 

Proposition 4.5 (Proposition 3.2 in [22]). Suppose that p is an odd prime, k and N are 
integers with (N,p) = 1. Let 

/(z) = ^a(n)g"eM A+ i(r (4iV)). 

Suppose that £ := ( " 2 d ), rai/i ac > 0. Then there exist n , h E N mtt /io|iV, a sequence 
{ao(ri)} n > no and r E {0,1,2,3} such that 

E 4n + r 
a (n)q^, Vm > 1. 

n>no 
4n+r Q =0 (mod p m ) 

Proposition 4.6 (Proposition 5.1 in [TJ). Suppose that p is an odd prime such thatp \ N 
and consider 

oo 

g(z) = J>(n)<f E S x+ i_(T {4Np^)) n L[[q\], for each j E N. 

n=l 

Suppose further that p C C?l is any prime ideal with p\p and that a(n) is p-integral for 
every integer n > 1. Then there exists G(z) E S' A / + i (r (4A^)) n [[<?]] such that 

G(z) = g{z) (mod p), 

where A' + ~ = (A + |)p J + p e (p — 1) itfi£/i eN large. 

Remark 4.7. Proposition 14.61 was proved for p > 5 in [1J. One can check that this holds 
also for p = 3. 

Now we prove Theorem [TJ 
Proof of Theorem^ Take 

£eM 12 (r (16)) ifp = 2, 
GJz):=l SS e M 12 (r (9)) ifp = 3, 



rj(4z)P 



r)(4p 2 z) 



UEM^Toip 2 )) if p > 5. 
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Using properties of eta-quotients (see [12]), note that G p (z) vanishes at every cusp of 
r (16) except oo if p = 2, and vanishes at every cusp - of r (4iVp 2 ) with p 2 \ N if p > 3. 
Thus, Proposition 14.51 implies that there exist positive integers £, m, k such that 

(f\U pm )(z)G p (zY E S kH (T (lQ)) ifp = 2, 
(f\U pm )(z)G p (zY G S kH (T (4p 2 N)) if p > 3. 

Note that k = A (mod p — 1). Using Proposition I4.6[ we can find 

F(z) e S k , H (T (4N)) 

such that F(z) = {f{z)\U pm )G p {zY = (f\U pm )(z) (mod p) and k' = k (mod p - 1). 
Theorem 14.41 implies that there exists a positive integer b such that (F|f/ p 26)(z) = 
(mod p). Thus, we have shown so far that if p G p \ p 2 , all the Fourier coefficients of 
- ■ F(z)\U pm +2b are p-integral. Repeat this argument to complete our claim. □ 

4.2. Proof of Theorem [21 Theorem [2] can be derived from Theorem 13.11 by taking a 
special modular form. 

Proof of Theorem^ Take a positive integer i and a positive even integer u such that 
3 " 2a 2 (P:A V +(A + 0p-^ + ^-l) = 2. 

Let F(z) := ( ^"g^W ' W )"" and G(z) := B^W/M'""* 1 "- Since B p _ t (z) = 1 
(mod p), we have 

F(z)G(*) = ( J2 flA W)W (n)f ( f; o/CnJg""^ ) (mod p). 

\„=-l «4ivM / \ n=moo J 

If Fourier coefficients of f(z) at each cusp are p-integral, then 

(oo \ / oo ^ 

ql a F(n)qn U^G^t 
n=mt / \ n=0 

- U jr 4 ) (V E a W ( mod p) 

\ n=m t / \ n=0 «4ivM / 

for t oo. Since 

flf WGW (0) = a A 4JV , 3 , a(p;A) w (0)a/(Q) + a/ (p u - m(p - A) ) (modp) , 

fl4iv(z) 

a F(,)G(,)( ) = a A 4 iV, 3 - a ( p; A)^) ( ) a /( ) ( m ° d P) fOT t ^ 00 ' 

for large u, the Residue Theorem implies Theorem [2] by letting u = 2b. Therefore it 
is enough to check a p-integral property of Fourier coefficients of f(z) at each cusp: 
take a positive integer e such that A(z) e f(z) is a holomorphic modular form, where 
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A(z) := ?n^°=i(l — q n ) 24 . Note that the g-expansions of jw{z) and A 4 Ar il2e+A (,2) at each 
cusp are p-integral. Thus (14.11) implies that 

<5l2e + A(4Af) 

A{z) e f(z) = c njw(z) n A iNA2e+x (z). 

n=0 

Moreover, c n is p-integral since 

J 4JV (zr A 47V , 12e+A (z) = + O (gWA^-^+l) 

and /(z) G C^[[g, g -1 ]]. Note that p { AN since 1 < N < 4 and p > 5 is a prime. 
So Fourier coefficients of j iN (z), A N ^2 e+ \(z) and at each cusp are p-integral. This 
completes our claim. □ 

5. Proof of Theorem [3] 

Theorem [3] follows from Theorem [1] and Theorem 12.11 
Proof of Theorem^ Note that j(z) G M H - Let 

oo 

g(z) := tf-^C*)) and /(*) : = = E "/W" 



n=no 



It is known (see §14 in [3]) that 

1 = f(^))ff 10 (4.) _ B(z)£(E w (Az)) _ 152 
3 yi ; 47riA(4^) 80vriA(4^) 5 1 J ' 

Since the constant terms of the g-expansions at oo of f(z), 9{z) and g(z) are 0, ctgr z \(0) = 
^ and a°(0) = ^ ■ respectively, we have 

a° f (0) + k(l-i)/2 
f(z) - k9{z) - }K 1 g(z) G Ml r 4 . 

a°(0) 

Applying Theorem [TJ, one obtains the result. □ 

6. Proofs of Theorem [4] and [5] 

We begin with the following proposition. 

Proposition 6.1. Let p be an odd prime and 

oo 

f(z) := 5>/H<7" e M A + |(r (4)) n Z p [[g]]. 



n=0 



If X = 2 or 3 (mod tfien 

= -(14 - 4a(p : A))a,(0) + 2 8 (2" 1 - 2 -ii)^ 7 - 2 ^ :A » a °(0) (mod p) 
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for every integer b > log p ( 2a(p 2 A) _ 3 (A + ~) j9 m(p;A) + 2) . 
Proof of Proposition l6J[ For v G Z> , 

(A + i) p m{p:A) := v ■ (p - 1) + a(p : A) + i. 

For an integer 6 with 



there exists an £ G N such that 



3-M^V + (a + ^) P "'^ + <'( P -1) = 2, 



since 



3 ~Mp : V + (A + ^ P m(p:A) - 2 = 3 ~ 2 " 2 (P:A V - 1) + „(p - 1). 
We have 

= E^o af(n)q npm(P ' X) (mod p), 
G?(z) = q~ p " + 14 - 4a(p : A) + a G (l)q H (mod p). 

Note that aofo) is p- integral for every integer n. Moreover, we obtain 

/ /i ,-\ P 6 (7-2a(p:A)) \ 

F(*)G(z)| a (° V) = K(0) + ' " ") ( -2 6p& ^ - -J + • • • 1 (mod p), 

where a°(0) is given in (jl.ip . Note that {oo, 0, |} is the set of cusps of r (4), so Theorem 
[2] implies that 

. v p b (7-2a(p:X)) 

a f (p 2b - m ^) + (14 - 4a(p : A))a / (0) - 2 8 a°(0) - - j =0 (mod p). 

This proves Proposition 16.11 □ 

6.1. Proof of Theorem [4l Now we prove Theorem HI 
Proof of Theorem^ Take 

oo oo 

/(*) := £ 2A+1 (^) = 1 + Y,r 2X+1 (e)q< = 5>/(n),f . 

£=1 n=0 

Note that /(z) G M A+ i(r (4)). Since (0| i ( ° - 1 ))(z) = ±=* + O (ga) , we obtain 

2A+1 

0,(0) = 1 and a}(0) 
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8 



Since A = 2, 3 (mod and f^ 1 ) = j^, we have 

/ n \p m (r> :A ) 



1 i 

2 ~ 2 



p 2 «(7-2a(p:A)) 



aj(0r 



x .y 2 »(7-2a(p:A)) ^ ^ y m (P=*>(2a(p:A)+(p-l)(2[^]+m(p:A))+l) 

2~2y \2~2y 

1 (7-2 a (p:A))(p 2 "-l) ^ 1 8+2(p-l)[ ? A T ]+m(p:A)p m ^ A )(p-l)+(p m (f :A )-l)(l+2Q(p:A)) 

2~2y \2~2y 

1 -N 8+2[^A_](p-l)+ 2a (p : A)(p m (f^)-l) j /_ [^]+a(p:A)m(p:A) 

2~2y = 16 V ~P 



(mod p), 



for some u6N. Applying Proposition 16.11 we obtain the result. □ 

6.2. Proof of Theorem [5l Consider the Cohen Eisenstein series H r+ i (z) '■= Y^n=o H{ r , N)q n 
of weight r + |, where r > 2 is an integer. If (— l) r N = 0, 1 (mod 4), then H(r, N) = 0. 
If iV = 0, then H (r, 0) = =f^. If JV is a positive integer and £>/ 2 = (-l) r iV, where L> is 
a fundamental discriminant, then 

(6.1) H(r,N) = L(l - r, XD )Y,^ d )XD{d)d!- l a 2r -i{f Jd). 

d\f 

Here n(d) is the Mobius function. The following theorem implies that the Fourier coeffi- 
cients of H r+ i(z) are p-integral if \ r. 

Theorem 6.2 Q6J). Let D be a fundamental discriminant. If D is divisible by at least two 
different primes, then L(l—n, \d) is an integer for every positive integer n. If D = p, p > 
2, then L(l—n, xd) is an integer for every positive integer n unless gcd(p, 1— XD(g)g n ) 7^ 1, 
where g is a primitive root (mod p) . 

Proof of Theorem^ Note that E w (z) = E4 : (z)Eq(z). So, E w (z)F(z), E w (z)G(z) and 
E w (z)W \z) are modular forms of weights, 8 • |, 7 • \ and 8 ■ | respectively. Moreover, the 
Fourier coefficients of those modular forms are 11-integral, since the Fourier coefficients 
of Hs(z), Hz(z) and Hs(z) are 11-integral by Theorem 16.21 We have 



E 10 (z)F(z) = f + O(q), 

e 10 (z)f(z)\u(u 1 ) = f (i + mr 5 + o 

E w (z)G(z) = f + 0(q), 

E w (z)G(z)\ f (J -i) = f (1 - ,)(2z)- 7 + O (qi 
E 10 (z)W(z) = f + O(q), 

E X0 {z)W{z)\u ( ? V ) = f (1 + *)(2*r 9 + O (gi) 
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where Bi r is the 2rth Bernoulli number. The conclusion now follows from Proposition 

EZD □ 

6.3. Proof of Theorem [61 We begin by introducing some notations (see [T2j). Let 
V := (¥ 2n ,Q) be the quadratic space over ¥ p , where Q is the quadratic form obtained 
from a quadratic form x \— > T[x] (x G Z 2n ) by reducing modulo p. We denote by < x, y >:= 
Q(x, y) — Q(x) — Q(y), x, y G F 2n , the associated bilinear form and let 

R(V) := {x G Ff : < x,y >= 0, G Ff , Q{x) = 0} 

be the radical of R{V). Following [TJ], define a polynomial 

1 if s p = 0, 

H n , p (T; X) := <J njfe^ 721 (1 - P^X 2 ) if Sp > 0, s p odd, 

(1 + A p (T)p (Sp ~ 1)/2 X) nS ( =r 1)/2] (1 - P 2 ^ 1 ^ 2 ) if s p > 0, s p even, 



where for even s p we denote 



1 if W is a hyperbolic space or s p = 2n, 
— 1 otherwise. 



X P (T) := 

Following [16], for a nonnegative integer /i, define pr(p^) by 

~i 1 otherwise. 

We extend the functions px multiplicatively to natural numbers N by defining 

J^pAp^X^ := U((l ~ X 2 )H n , p (T; X)). 

M>0 p\f p 

Let 

V(T) := GL 2n {Z) \ {G G M 2n (Z) n GL 2n (Q) : TIG' 1 ] half-integral}, 

where GL2 n {^) operates by left-multiplication and T[G _1 ] = T'G~ X T . Then T>(T) is 
finite. For a G N with a\fx, let 

(6.2) 0(a;T):=v^J] £ p^-^a/d 2 ). 

d 2 |a GeX>(T),|det(G)|=d 

Note that 4>(a;T) G Z for all a. With these notations we state the following theorem: 

Theorem 6.3 ( [ 1 7J ) . Suppose that g = 0, 1 (mod 4) and let k G N g = k (mod 2). 
^4 Siegel modular form F is in S^ a ^ ss (T2 g ) if and only if there exists a modular form 

oo 

fXz) = Y,c(n) q n eS kH (T (A)) 

n=l 
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such that A(T) = J2 a \f T a ^ VO; T)c for all T. Here, 

D T := (-l) 9 -det(2T) 
and Dt = D-rfifr with Dt q the corresponding fundamental discriminant and /j-gN. 

Remark 6.4. A proof of Theorem 16.31 given in [T7] implies that if A(T) G Z for all T, 
then c(m) G Z for all m G N. 

Proof of Theorem^ From Theorem 16.31 we can take 

oo 

f(z) = $>(n)g B G 5 fc+ i(r (4)) nZp[[g]] 

?1=1 

such that 

F(Z) = £ A(T)fPZ) = ££ a *-V( a; T) c (^t) 1 HTZ) - 

T>0 T>0a\f T \ a J 

By Theorem [TJ, there exists a positive integer b such that, for every positive integer m, 

c(p b m) = (mod p 3 '), 
since = 2 or 3 (mod -5-). Suppose that p 6+2j 1 1 | . If p>\a and a|/r, then 

a fc_ V(o; T)c (^rj = (mod p>). 

II pi \ a and a|/r, then p b and a fc_1 0(a; T)c J = (mod pi). □ 
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